Understanding the formation of the first objects in the universe critically depends on knowing whether the properties of small dark matter structures at high-redshift (z 15) are different from their more massive lower-redshift counterparts. To clarify this point, we performed a high-resolution N -body simulation of a cosmological volume 1 h −1 Mpc comoving on a side, reaching the highest mass resolution to date in this regime. We make precision measurements of various physical properties that characterize dark matter haloes (such as the virial ratio, spin parameter, shape, and formation times, etc.) for the high-redshift (z 15) dark matter mini-haloes we find in our simulation, and compare them to literature results and a moderate-resolution comparison run within a cube of side-length 100 h −1 Mpc. We find that dark matter haloes at high-redshift have a log-normal distribution of the dimensionless spin parameter centered aroundλ ∼ 0.03, similar to their more massive counterparts. They tend to have a small ratio of the length of the shortest axis to the longest axis (sphericity), and are highly prolate. In fact, haloes of given mass that formed recently are the least spherical, have the highest virial ratios, and have the highest spins. Interestingly, the formation times of our mini-halos depend only very weakly on mass, in contrast to more massive objects. This is expected from the slope of the linear power spectrum of density perturbations at this scale, but despite this difference, dark matter structures at high-redshift share many properties with their much more massive counterparts observed at later times.
INTRODUCTION
Understanding the formation of cosmic structures at all scales has been of central interest in the field of astrophysics for several decades. We now have a widely accepted cosmological paradigm to describe the universe, known as ΛCDM, and its basic physical parameters are well determined today (Komatsu et al. 2011) . Once this paradigm is fixed, it is conceptually a straight-forward task to follow density perturbations growing under gravity, allowing one to connect small Gaussian density perturbations in the early universe to non-linear dark matter haloes, one of which hosts our Galaxy.
An extensive body of research on studying large-scale structure formation with N -body simulations has been accumulated (Efstathiou et al. 1988 , Lacey & Cole 1994 , Katz, Hernquist, & Weinberg 1999 , Kauffmann et al. 1999 , ⋆ E-mail: sasaki@stud.uni-heidelberg.de (MS) Springel et al. 2005) . More recently, very large simulations that targeted the formation of the Milky Way halo, including of the order of a few billion particles in the high-resolution region, were performed and clarified the hierarchical growth process which formed our Galaxy (Diemand et al. 2008 , Springel et al. 2008 , Ishiyama, Fukushige & Makino 2009 , Stadel et al. 2009 ). However, much less work has been done on small-scale structure formation, where objects with virial radii of order ∼ kpc are resolved.
Because there is a turnover in the power spectrum of density fluctuations at k ∼ 0.01 h Mpc −1 comoving, and the slope of the power spectrum asymptotically approaches the critical value of −3 at high wave numbers (see Fig. 7 ), the density perturbations that exist in our initial conditions (1 h −1 Mpc in size) at z ∼ 100 are statistically different from those in a box of 100 h −1 Mpc in size. Therefore, there is no reason to expect that the collapsed objects forming at these different scales are strictly self-similar. Our goal is to study the small-scale regime of the power spectrum and the prop-erties of the corresponding first dark matter haloes, and to quantify the differences with larger dark matter haloes that form later.
An important additional motivation for studying these small-scale structures lies in Population III (Pop III) star formation. Recent works (O'Shea & Norman 2007 , Turk, Abel, & O'Shea 2009 , and Greif et al. 2012 show that the properties of Pop III stars (such as their masses or multiplicity) formed in each dark matter halo strongly depend on the physical conditions in the halo, and halo-to-halo differences can be large. Since cosmological hydrodynamical simulations are computationally expensive, previous calculations have focused on the first or the first few mini-halos to collapse in the cosmological volume of interest. They studied statistical properties of Pop III stars by using a group of realizations of cosmological simulations and typically studied only one halo from each realization. As such, halo-to-halo differences within a single cosmological realization are still largely unknown, and our current understanding of the Pop III star formation process may be biased by our selection of the first collapsing halo. Recent works such as Hirano et al. (2014) , however, have increased the number of samples significantly. But it is computationally still not possible to model all the haloes in the simulation domain with hydrodynamic simulations.
In our work, we adopt a pure N -body simulation to statistically study halo-to-halo variations on scales relevant for Pop III star formation. We model a cubic region of 1 h −1 Mpc in size using 2048 3 dark matter particles with a mass of ∼ 9 M⊙ each, and follow the dynamical evolution of this region from a redshift of z ∼ 100 to z = 15. Full details of the simulation are provided in Section 2. To date many numerical studies of Pop III star formation have used a friendsof-friends (FOF) method to identify haloes in the computational volume (Yoshida et al. 2003) . In order to make a meaningful comparison with these Pop III studies, we adopt a similar approach here. However, it has been shown that such a method of decomposing the dark matter structure can produce noisy results, with particles near the boundaries switching between neighboring haloes somewhat randomly each time step, or 'bridging' distinct bound structures into single larger structure (Bertschinger & Gelb 1991) . We demonstrate in Fig. 1 and Fig. 2 that this is more extreme for the high-redshift dark matter haloes found in our simulations. To account for this feature of the FOF method, we use the SUBFIND (Springel et al. 2001) method to identify dense regions inside each FOF group, and we use the most massive of these 'subhaloes' for analysis. Haloes in which SUBFIND fails to identify substructure (< 1 percent of all haloes) are removed from our analysis.
Among the previous works, our study has many similarities with the work of Jang-Condell & Hernquist (2001) . We probe slightly higher redshift than they did (their analysis is at z = 10, whereas ours is at z = 15), and our simulation is carried out at significantly higher resolution: we adopt 2048 3 particles, compared to the 128 3 particles used in their study, for modelling essentially the same comoving volume in space. As such, our study presents a factor of 4000 improvement in mass resolution compared to previous systematic studies of this kind. There have also been more recent attempts to study the properties of dark matter haloes at z = 15 (Davis & Natarajan 2009 , Davis & Natarajan 2010 . While they concentrated on relatively limited properties of dark matter halos (e.g. shape, angular momentum, clustering), our work investigates broader aspects of haloes including formation time and how physical quantities depend on formation time. In short, this paper aims at new precision measurements of statistical properties of dark matter haloes in the early universe as enabled by our high-resolution Nbody simulations.
This paper is structured as follows. In Section 2, we discuss the numerical methods adopted in our work, and in Section 3, we present and discuss our results. Finally, we give our conclusions in Section 4. An Appendix informs about technical aspects of our analysis such as convergence tests.
METHODS
We have performed an N -body cosmological simulation with 2048 3 dark matter particles, using the GADGET-3 code. Our initial conditions were generated using N-GenIC, the initial condition generator originally developed for the Millenium Simulation . We first identify haloes by the friends-of-friends (FOF) algorithm with a standard linking length of b = 0.2 in units of the mean particle spacing, corresponding to ∼ 0.1 h −1 kpc in comoving units, followed by an application of the substructure finding algorithm SUB-FIND to identify bound structures within haloes. Substructures thus defined are used for constructing a merger tree, and the most massive substructure identified in a given FOF group, referred to as 'main subhalo', is analyzed throughout this study, unless otherwise noted.
We employ cosmological parameters consistent with the WMAP-7 measurements (Ωm = 0.271, ΩΛ = 0.729, σ8 = 0.809, h = 0.703, Komatsu et al. 2011) 1 . The simulation box is 1 h −1 Mpc in length, and thus the particle mass in our simulation is ∼ 9 M⊙. We set the gravitational softening length to be 0.01 h −1 kpc. The lengths quoted here are in comoving units. We started from a redshift z ∼ 100 and followed the formation of dark matter haloes down to z = 15, by which time numerous dark matter haloes capable of hosting Pop III stars have formed. Unless otherwise noted, we analyzed the simulation output at the end of simulation (i.e. z = 15). Hereafter we refer to this simulation as the 'Small' run.
We also performed a moderate-resolution comparison simulation at larger scales, using 512 3 particles to follow structure formation inside a region of 100 h −1 Mpc on a side with force softening length 4.0 h −1 kpc. The results of this comparison simulation are mostly presented in Section A, which we will refer to where necessary. This simulation is referred to as the 'Large' run hereafter. The essential parameters of the two simulations are summarized in Table A1 .
Merger trees
A FOF group is identified by linking all particles that are separated by less than a fraction b = 0.2 of the mean particle separation. Thus, this method is approximately selecting regions that are by a factor of 1/b 3 denser than the mean cosmic density (by this choice of b, naively we expect that the selected region corresponds to an overdensity ∼ 200 relative to the background, similar to the expected virial overdensity according to the top-hat collapse model). However, FOF is known to occasionally link separate objects across particle bridges, and it is also not suitable for identifying bound substructures inside dense regions.
Therefore, in each FOF group, bound substructures are identified using SUBFIND 2 . In short, inside each FOF halo, locally overdense regions are spotted by identifying saddle points in an adaptively smoothed dark matter density field. The latter is constructed with an SPH smoothing kernel with N dens = 64 neighbors, while the topological identification of locally overdense regions is based on N ngb = 20 nearest neighbors (the notation here follows Springel et al. 2001) . Two structures connected with only a thin bridge of dark matter particles would be identified as two different (sub)halos by SUBFIND. Each dark matter particle inside a FOF group is either associated to one subhalo or to none. In the algorithm, all subhaloes are checked to see whether they are gravitationally bound. In defining a formation time for dark matter halo, we shall concentrate on the most massive subhalo in each FOF halo at the final output time; the most massive subhalo typically contains a dominant fraction of the mass of its host FOF halo.
For each FOF group, we investigate when its most massive subhalo gained half of its final mass at z = 15. This is done by following the merger tree along the most massive progenitor in adjacent snapshots. We estimate the formation time by linearly interpolating between the bound mass of subhalo at two subsequent SUBFIND output times: one output immediately after the the subhalo gained half its final mass, and one output immediately before. A similar approach is adopted in works such as that of Gao, Springel & White (2005) .
RESULTS
In the following, we determine and discuss various physical properties that characterize dark matter halos, and try to clarify differences and similarities of dark matter structures that reside at early time in a small box of ∼ 1 h −1 Mpc on a side, relative to those forming later in a larger (∼ 100 h −1 Mpc) simulation box. In Fig. 1 and Fig. 2 , we show representative density maps of FOF objects taken from our 'Large' and 'Small' runs, respectively. It is easily recognizable that the particular FOF halo shown at z = 15 is filamentary and appears to be composed of different dense regions that are connected together. In contrast, the FOF halo at z = 0 is much more spherical, and contains rich substructure. While not as extreme in all cases, we confirmed these general differences through inspection of a large number of images of different halos. Since the particles located at the outer regions of each FOF haloes are typically not bound to the halo, and could therefore obscure our analysis of the halo binding, shape, etc. in later sections we chose to analyse the most massive substructure identified by SUBFIND in each FOF halo.
Spin parameter
We begin with the dimensionless spin parameter of a halo. It is defined as
where J is the total angular momentum of a halo, E is the total energy, G is the gravitational constant, and M is the mass. For objects in Keplerian rotation, this value is of the order of unity. For our analysis of angular momentum, we included only haloes that have at least 1000 particles inside their main subhaloes, i.e. with a minimum mass of ∼ 10 4 M⊙. The spin of dark matter haloes is a result of tidal torques that they experience during their formation and subsequent evolution (White 1984) .
We show the median, and 20%, 80% percentiles of this parameter in a series of logarithmic mass bins in Fig. 3 . We find that at all the redshifts we looked at, the spin parameter λ weakly depends on mass.
The distribution of λ is often fitted by a log-normal distribution (Warren, Quinn, Salmon, & Zurek 1992) :
We obtained a log-normal fit to the spin distribution at z = 15 with parametersλ = 0.0262 and σ λ = 0.495 (Fig. 4 , top) for all haloes with at least 1000 particles. In other parts of this paper, lower limit of 100 particles is introduced such that lower mass haloes, which are not well-resolved, will be excluded from our analysis in this paper (shape, virial ratios, formation times etc). We adopted a more demanding criterion here, since the spin parameter is known to depend more strongly on how well the dark matter haloes are resolved than other physical parameters (Davis & Natarajan 2010 , see Appendix C of this paper). Jang-Condell & Hernquist (2001) found that the spin distribution follows a log-normal distribution at z = 10 (withλ = 0.033, which is overplotted with a dashed-line in Fig. 4 ). The similar value inλ is a bit surprising, because although we model essentially the same volume in comoving space with slightly different redshift, the different mass resolutions in the two simulations mean that we resolve dark matter haloes in different mass ranges. This outcome is however consistent with findings from analytical works that predict thatλ has no strong dependence on the power spectrum (Heavens & Peacock 1988 ).
Since we calculate spin parameter from substructure within FOF haloes, we do not suffer from artificial high-end tail of spin distribution in Fig. 4 as in Bett et al. (2007) , who analyzed a simulation output produced with the same code as ours, GADGET-3, on a larger scale but chose to analyze FOF haloes.
Because the spin of a halo is a sum of slight differences in position and velocity space, it is sensitive to how well the halo is resolved. As such, our study qualifies as the most precise measurement of the spin parameter at z = 15 thus far. We expect that our estimate of the spin parameter for subhaloes with mass > 10 4 h −1 M⊙ (corresponding to > 10 3 particles) is correct within a factor of 2 at a 1 σ level (Trenti et al. 2010 ). We obtainλ = 0.0247 and σ λ = 0.486 for haloes in the mass range 10 5±0.2 h −1 M⊙ and λ = 0.0274 and σ λ = 0.495 for haloes in the mass range 10 4±0.2 h −1 M⊙ (Fig. 4 , bottom). This is in contrast to the result of Davis & Natarajan (2009) , where they find the more massive haloes to have systematically larger spin. This is a result of different halo identification algorithms. The particles that lie in the surfaces of dark matter haloes contribute little in terms of mass but much in terms of angular momentum. Therefore, the actual value of spin parameter heavily depends on halo identification methods employed. Comparison of Fig. 3 and D1 shows that the FOF gives a positive correlation between spin and halo mass, which is not present when we employ the more conservative SUBFIND method.
In simulations with dark matter and gas, it has been found that the spin parameters of both components follow similar distributions (van den Bosch et al. 2002) . As we aim to study the environmental conditions of first star formation, knowledge of λ is a key prerequisite. There is a recent work that estimates the Pop III initial mass function (IMF) from the rotational velocity of haloes (de Souza et al. 2013) . Hirano et al. (2014) selected ∼ 100 haloes from multiple realizations of structure formation and resimulated many samples of Pop III star forming regions in a suite of twodimensional radiation hydrodynamic simulations, ending up with a statistical study of the final mass of a single protostar. Their spin distribution the of dark matter component is centered onλ = 0.0495, considerably higher than the values found in most pure dark matter simulations including ours. This is largely due to a selection effect and the positive mass-spin relationship of FOF haloes described earlier: these authors employed a standard FOF algorithm to ex- tract the haloes, and focused on the more massive haloes in the simulation (i.e. those massive enough to have triggered H2 cooling), which are likely to have higher spin.
Virial ratios
In this paper, we define the virial ratio as 2.0 × EK/EG, so that a value of unity corresponds to virial equilibrium. The total kinetic energy EK is defined as
with velocity being defined relative to the center-of-mass velocity of the halo throughout this paper. The gravitational potential energy EG is defined as
The sum is taken over all particles i and j that belongs to the main subhalo in a specific FOF halo, with mi and mj being their mass, and rij their distance. This quantity is numerically calculated by direct summation. 5 shows the distribution of virial ratios for different dark matter haloes at redshifts z ∼ 25 (top), 20 (middle), 15 (bottom). We see that there is some variation in this quantity, but the median, and the 20%, 80% percentiles of the virial ratio are well above unity for all mass ranges we have investigated, and thus the dark matter haloes are not virialized but instead are usually perturbed. This has previously been noted by Jang-Condell & Hernquist (2001) and Davis & Natarajan (2010) , with relatively low resolution at high redshifts, and also by, for example, Hetznecker & Burkert (2006) at lower redshifts, z < 3. It is also beneficial to compare results of the 'Large' box run with the 'Small' run. It is clear from Fig. A3 that dark matter halos found in the larger simulation box at z = 0 have systematically lower virial ratios, and are thus closer to virial equilibrium than those at z = 15.
The median value of the virial ratio in Fig. 5 increases with increasing halo mass. The median value of a given mass bin does not evolve considerably over a range of redshift, in contrast to Hetznecker & Burkert (2006) , who have found that the virial ratio decreases monotonically with redshift between z = 3 and z = 0. These differences reflect the different dynamical states of dark matter mini-haloes at z 15 and more massive systems at z < 3.
Our results show that dark matter haloes at z ∼ 15 cannot be considered to typically represent isolated systems undergoing collapse (see also discussion in subsec- . The virial ratio is defined such that it tends to unity at virial equilibrium. Crosses indicate the median value of the virial ratio, while the error bars indicate the 20th and 80th percentiles. The mass bins are spaced logarithmically, and symbols are only plotted for bins containing at least 10 dark matter haloes. tion 3.6). The excess kinetic energy of the dark matter haloes, if shared by their gas component, could influence the star formation taking place because the properties of the turbulence in the interstellar medium strongly influence the star-formation process within them , Prieto, Jimenez, & Martí 2012 . Distinguishing relaxed haloes from unrelaxed haloes is not a straight-forward task, and needs to be based on complex criteria that involve, for example, virial ratios and the fraction of mass in substructures (Neto et al. 2007 ). Our simple definition of virial ratio should however already give a useful proxy for the dynamical state of a halo.
Mass function
We now compare the halo mass distribution with predictions of analytical models. Let ∆n be the number density of objects with mass (FOF mass found for our groups or mass of main subhalo in our group) within a logarithmic bin, and ∆ log M be log M2/M1 where M2/M1 is the ratio of upper and lower values for each mass bin is plotted against the median value in each mass bin along with Poisson error bars (error bars are omitted for subhalo data for easy recognition). The analytical Press-Schechter (Press & Schechter 1974 ) and Sheth-Tormen models (Sheth & Tormen 1999) are plotted with continuous and dotted lines, respectively. The Press-Schechter function underestimates the number of haloes in the high mass range, whereas the Sheth-Tormen function gives a good fit to the simulated FOF data over a broad range of masses including the high-mass end. Since subhaloes contain only part of mass of its host FOF haloes and therefore some of the haloes that belonged to a particular mass bin is shifted to neighboring lower mass bin, number density of subhaloes in a given mass bin is systematically smaller than FOF haloes. Overall, we find that these analytical fitting formulae reproduce not only the statistics of dark matter haloes with mass 10 7 h −1 M⊙ as previously known (Ishiyama et al. 2013 ) at z = 0, but they also describe less massive haloes obtained from our simulations, such as those as small as 10 3 h −1 M⊙ at z = 15.
Formation time
The linear power spectrum of density perturbations at z = 0 for the cosmological parameters we adopt in our work is plotted in Fig. 7 , where the lines show the critical slope of −3. In this Section, we express the slope of the power spectrum by p. Therefore, P (k) ∝ k p , where the slope p changes as a function of wave-number k. For the linear power spectrum shown in Fig. 7 , p = −2.37, −2.62, −2.74, −2.80 at k = 1, 10, 100, 1000h Mpc −1 . The power spectrum increases at very low wave numbers, then turns over and starts to decrease again, approaching power law with p ≃ −3 at high wave numbers. For the mass scales extensively studied by earlier works, M halo ∼ 10 12 h −1 M⊙, the slope is substantially shallower compared to a mass scale of M halo ∼ 10 6 h −1 M⊙ where the slope is close to the critical value of p = −3. It is critical in Figure 7 . The linearly extrapolated power spectrum of dark matter at z = 0 for the cosmological parameters we adopt. The critical slope of k −3 is shown with dark blue line.
the sense that the non-dimensional power,
becomes independent of wave number k. ∆ 2 (k) represents the amount of perturbations in a logarithmic bin in k. For p > −3, ∆ 2 (k) is a monotonically increasing function of k. Therefore, given p > −3, for a fixed time, there is more power in small scales (large k) than in large scales (small k). Thus, small gravitational structures form first in such regimes (explicitly shown in Fig. 1 in Harker et al. 2006) . In contrast, for p = −3, ∆ 2 (k) is independent of wave number k, thus the dark matter structures of various mass collapse simultaneously and in a non-hierarchical fashion. We now show this explicitly using our high-resolution simulation.
Adopting the methods described in Section 2.1, we identified the formation time of each FOF halo. In Fig. 8 , we divide dark matter haloes in various mass bins and plot the median, and 20%, 80% values of formation time in each mass bin. We find that in the mass range we are interested in, massive dark matter haloes and small haloes form simultaneously (this is only true statistically, because there is a dispersion of ∼ 10 Myr in the formation time in a given mass bin). This is quite different from the more massive regime, where less massive haloes form first (Harker et al. 2006 , also see results of the 'Large' run in Fig. A2 ). This implies that the formation processes of dark matter mini-haloes found at high redshift in a simulation box of 1 h −1 Mpc differ substantially from those found at much higher halo masses in larger boxes.
Halo shape
Often the high density regions found in collisionless N -body simulations are not exactly spherically symmetric, as opposed to the assumption which is made to derive PressSchechter mass function for example. Modelling dark mat- ter haloes as ellipsoids and measuring their three axes provides a way to quantify the shape of these haloes and how much it differs from the spherical collapse model. Moreover, there are several different kinds of approaches made observationally to estimate halo shapes in the local universe: Firstly, there are ways to measure dark matter distribution by weak lensing using X-ray clusters (Oguri et al. 2010) . Secondly, there are also attempts to determine dark matter halo shapes for galaxies statistically using surveys (Hoekstra, Yee, & Gladders 2004) . Lastly, there are also efforts made to derive the gravitational potential of our Galaxy by using the kinematics of tidal tails of the Sagittarius dwarf spheroidal galaxy (Law, Majewski, & Johnston 2009 ). The less massive haloes found in our study are influenced by a much shorter wavelength portion of the ΛCDM power spectrum than the haloes examined in these observational studies, and it is therefore interesting to see whether there is any systematic difference in the shapes of these minihaloes.
We define a second moment tensor of the halo shape as:
where xi (i = 1, 2, 3 corresponding to x, y, and z coordinates) is the particle position with respect to the centre of the halo, which we define as the position of the particle with the lowest potential energy. The same form of the shape matrix was adopted in the earlier studies of Jang-Condell & Hernquist (2001) and Macciò, Dutton, & van den Bosch (2008) . We note that sometimes Iij is defined as n xixj/r ′2 , i.e. with a 1/r ′2 normalization factor (Moore et al. 2004 , Allgood et al. 2006 ). But we here adopt the former, more widely used formulation.
The sum is taken over all the particles that belong to the main subhalo in a FOF halo. After evaluating the inertia tensor, we compute its eigenvalues I1, I2, and I3, which are the three principle moments of inertia of the halo, and which satisfy the relationship I1 I2 I3. The lengths of the axes a, b, and c associated with the principle moments of inertia are given by
where Np is the number of particles summed up in equation (6). The sphericity of the halo is then defined as
From the above formulation, it should be clear that a spherically symmetric halo has s = 1. The triaxiality of the halo is defined as
By definition, an oblate halo (a = b > c) has T = 0, and a prolate halo (a > b = c) has T = 1. Black solid lines in the different rows in Fig. 10 show the distribution of sphericity s for different mass ranges (namely haloes with mass 10 4±0.2 h −1 M⊙, 10 5±0.2 h −1 M⊙, and 10
6±0.2 h −1 M⊙). We find that the distribution of s based on all haloes has a peak at 0.4 − 0.45, which is smaller than the value typically found for more massive haloes at lower redshifts. For example, Allgood et al. (2006) and Macciò, Dutton & van den Bosch (2008) investigated haloes with masses ∼ 10 12 h −1 M⊙ to 10 15 h −1 M⊙ and found almost no haloes with s < 0.4. This could be due to more frequent mergers at z = 15 compared to z = 0.
If we compare the distribution function of s and T , 10 5 M⊙ haloes are more likely than 10 4 M⊙ haloes to have lower values of sphericity s and higher values of triaxiality T . This tendency of more massive haloes having small s and larger T , that has been observed elsewhere (Macciò, Dutton & van den Bosch 2008 , Allgood et al. 2006 , is even clearer in Fig. 9 , in which we show median values of s and T as a function of halo mass. Comparing Fig. 9 with Fig. A1 , we find that haloes found at z = 0 are systematically more spherical and only moderately more prolate compared to haloes at z = 15. Fig. 10 also shows that for all the three different mass ranges studied here, a large fraction of halos are prolate (T ∼ 1). This is similar as found in previous studies that focused on haloes forming in different regimes (e.g. more massive haloes, Dubinski & Carlberg 1991 , Warren et al. 1992 . This is most likely because dark matter haloes of various mass scales form from filamentary structures. However, we find a significant disagreement with de Souza et al. (2013), who worked on similar mass ranges and practically the same redshift, but with hydrodynamical simulations. Their dark matter haloes with mass ∼ 10 5 M⊙ at 11 < z < 16 have s ∼ 0.3 and more than 90% have T 0.4, whereas the dark matter halos with mass ∼ 10 5 h −1 M⊙ at z = 15 in our simulations have medians s ∼ 0.4 and T ∼ 0.85. We note that de Souza et al. (2013) adopt a definition of Iij equivalent to ours. The difference in shape could be due either to the inclusion of gas cooling or to a very different mass resolution. We resolve substructures inside dark matter haloes with mass ∼ 10 5 h −1 M⊙ with ∼ 10 4 particles, whereas de Souza et al. (2013) resolve haloes with the same mass with only ∼ 200 particles. We speculate that the inclusion of gas makes a bigger difference than the mass resolution, however, since our convergence study shows that even with a relatively small particle number of 200 particles or so, the errors in the axial ratios (b/a, c/a) remain within 10% (see Table B1 ).
Histograms with different color in Fig. 10 represent halo shape distributions for haloes with different values of the spin parameter. We sorted dark matter haloes in each mass range into percentiles according to their spin. If we denote the 33% and 67% percentile values of the spin parameter in each mass range as λ 1/3 and λ 2/3 , we have plotted the probability distribution of halo shapes for three different kinds of halo selections: all the haloes in a certain mass range, only haloes with λ > λ 2/3 , and only haloes with λ < λ 1/3 . We found that, in all the mass ranges we looked at, dark matter haloes with high spin are less spherical and more highly prolate, a trend already confirmed in lower redshift dark matter haloes by previous works (Bett et al. 2007 ). Davis & Natarajan (2010) , who used different methods to identify haloes and estimate their shapes, also found similar trends for high-redshift dark matter haloes with relatively low resolution. This widely observed correlation could occur because haloes that experienced strong gravitational forces during their formation are likely to have high spin and an aspherical shape.
In short, using the highest-resolution simulation to date for resolving a large sample of substructure inside dark matter mini-haloes of mass > 10
3 M⊙, we have demonstrated that dark matter mini-haloes we find in our simulations at z ∼ 15 have qualitatively many similarities with dark matter haloes found at z <∼ 6 regarding their shape.
Correlation between formation time and virial ratio / formation time and halo shape
Many authors have studied the effect of the mass accretion history on the concentration and density profile of dark matter haloes (Bullock et al. 2001 , Wechsler et al. 2002 , Tasitsiomi et al. 2004 . Much less work has been done on the relationship between formation time and other halo properties. For dark matter haloes found in mass scales capable of hosting Pop III star formation, we show for the first time that there is a direct connection between the shape of a halo, its dynamical state, or its spin and its formation time. This could provide interesting clues on the formation processes of dark matter haloes. We sorted the dark matter haloes in different mass bins into three groups according to their formation time. In Fig. 11 , we show that the haloes that formed later (young haloes) have higher values of the virial ratio, while in Figures 12 and 13, we show that haloes that formed later (young haloes) have smaller sphericities and larger spin parameters. This is because haloes of a given mass that formed later accumulated their mass recently, and thus had no time for relaxation.
To clarify this point, let us make comparison of relevant timescales. The Hubble time, tH = a/ȧ is ∼ 300 Myr at z = 15. If we estimate the relaxation time t relax of dark matter haloes by t relax =
Myr at z = 15 (< tH, as expected). The old haloes analyzed here typically formed at around z = 18 − 20 whereas the young haloes formed at z < 16. Thus the former typically had more than ∆t(z = 18, z = 15) ∼ 80 Myr (> t relax ) while the latter had less than ∆t(z = 16, z = 15) ∼ 45 Myr Figure 9 . Median of sphericity s & triaxiality T in different mass bins for dark matter haloes at z = 15. The sphericity and triaxiality are defined by equations (10) and (11), respectively.
(< t relax ) since the time of formation. This could account for the differences in physical properties we observe when we stop our simulation at z = 15.
In fact, Hetznecker & Burkert (2006) have demonstrated that major mergers increase the value of the spin parameter and the virial ratio. Allgood et al. (2006) have also found that haloes forming earlier (old haloes) are more spherical. They have also shown that the dependence on formation time is weaker for higher mass haloes, at least in their simulation box. The different methods adopted to calculate halo shape and formation time preclude a direct comparison, but the high-mass end of Fig. 12 clearly shows similar trends.
Our results confirm that the formation epoch of dark matter haloes influences global parameters such as shape, virial ratio, and spin. Each dark matter halo has a different evolution history. Furthermore, even the dark matter haloes that have similar mass accretion histories could have accreted their mass from different spatial locations or through different channels. A single global parameter such as formation time is not enough to account for this, and the scatter in Fig. 11 and Fig. 12 could be due to variations in the processes that let haloes accumulate their mass.
Correlation function
The two-point correlation function calculated from N -body simulations is a useful quantity, since it can be compared directly with galaxy clustering data . We perform a similar analysis to clarify the properties of the mini-haloes we find at z = 15. Gao, Springel, & White (2005) have demonstrated that haloes that assembled earlier are more strongly clustered, casting doubt on an assumption made in excursion-set theory (Bond et al. 1991) , namely that halo properties depend3 only on mass and are independent of environment.
Here we study the clustering of haloes with different spins. In order to quantify the clustering between dark matter mini-haloes, we make two kinds of catalogs of dark matter haloes: a simulated halo catalog and a random catalog. The simulated halo catalog is a list of positions of haloes Figure 11 . Relation between formation time and virial ratios. We grouped the haloes in each mass bin into three groups. Early one-third (old haloes), middle one-third (intermediate haloes), and late one-third (young haloes). We plot the median values for early (crosses) and late (diamonds) thirds. The error bars indicate 20th and 80th percentile values for each group. (Error bars are plotted in solid lines for haloes forming earlier, and in dotted lines for haloes forming later. For easy reference, haloes forming later are slightly offset in mass.) We found that haloes that formed later (young haloes) have higher virial ratios on average due to lack of time for relaxation. obtained from our simulation. The random catalog is a list of random points distributed in a box that is equal in size to our simulation box. We measure the two-point correlation function ξ(r) following Hamilton (1993) ,
where DD(r), RD(r), RR(r) stand for, respectively, the number of pairs with separation r in the simulated halo catalog (halo-halo pairs), the simulated halo catalog and random catalog (halo-random point pairs), and just the random catalog (random point-random point pairs). The statistical errors are estimated through RR(r) DD(r)/RD(r) 2 . The two-point correlation functions for haloes in the mass bin 10 5±0.2 M⊙ and 10 4±0.2 M⊙ are depicted in Fig. 14 as a function of separation in units of comoving h −1 kpc. As in Section 3.5, we sorted dark matter haloes in both mass ranges into thirds according to their spin. We found that haloes with high spin are more clustered, which is well-known in large-scale simulations (Bett et al. 2007 , Gao & White 2007 , but was only investigated with relatively low resolution in much smaller scales (Davis & Natarajan 2009 ). This suggests that haloes that form in a clustered environment are more likely to experience tidal forces from neighboring overdense regions, and therefore tend to have larger spin parameters.
CONCLUSIONS
In this paper, we have performed a high-resolution numerical simulation of structure formation up to the high redshift z = 15, inside a simulation box of side-length 1 h −1 Mpc. Exploiting our good statistics and resolution, we made high precision measurements for a variety of global physical parameters of halos and demonstrated correlations between some of these properties. We clarified the characteristics of dark matter mini-haloes by comparing the results of our high-resolution simulation with works found in the literature on more massive haloes and at lower redshift (z < 6), and with results from our own moderate-resolution complementary simulation within a cubic region of 100 h −1 Mpc on a side that we evolved until z = 0. Our main findings are: Figure 12 . Relation between formation time and sphericity. We grouped the haloes in each mass bin into three groups. We plot the median values with error bars for early (crosses) and late (diamonds) thirds as in Fig. 11 . We found that haloes that formed later (young haloes) are less spherical due to recent mass accumulation. Figure 13 . Relation between formation time and spin parameter. We grouped the haloes in each mass bin into three groups. We plot the median values with error bars for early (crosses) and late (diamonds) thirds as in Fig. 11 . We found that haloes that formed later (young haloes) have values of spin parameter due to recent mass accumulation. The dashed vertical lines represent lower mass limit of 1000 particles.
(i) Dark matter haloes found in our simulations have a distribution of spin parameters that is well fitted by a log-normal function aroundλ = 0.0262, with dispersion σ λ = 0.495. This value forλ is similar to the value ∼ 0.03 obtained by studying more massive objects at z ∼ 0 (e.g. galaxy clusters). The dimensionless spin parameter λ is somewhat sensitive to resolution, and hence our measurement of this quantity is by far the most accurate thus far for the mass scales investigated in this work.
(ii) We have shown explicitly from output of our simulations and merger trees constructed from them that the formation time of dark matter haloes, defined as the time at which the most massive substructure in a FOF halo reaches half of its final mass, only weakly depends on halo mass over about four orders of magnitude (e.g. mass scales of ∼ 10 3−7 M⊙). At larger mass scales, structures are known to form in a hierarchical fashion (formation redshift is a monotonically decreasing function of halo mass). But on the mass scales investigated here, this at least partially breaks down. The weak dependence of the formation time on mass is a result of the slope of the power spectrum of density perturbations at this scale, where it becomes close to the critical value of −3 for which all mass perturbations are expected to collapse simultaneously. The scatter in formation time is ∼ 10 Myr.
(iii) The shapes of haloes are much less spherical and more highly prolate than haloes found at z ∼ 0. The most frequent value of the sphericity parameter lies between 0.4 and 0.45. This could be due to more frequent mergers at high redshift. The majority of halos has triaxiality parameter > 0.9. The more massive haloes are more likely to be slightly less spherical and slightly more filamentary (prolate).
(iv) We have also investigated the relationship between formation time and halo properties such as shape, virial ratios, and spin which was not studied previously for the scales examined here. On average, haloes that formed more recently (young haloes) have higher values of virial ratio, are less spherical, and have higher values of spin when observed at z = 15. This can be understood because the time passed since formation of these young haloes until the end of the simulation is less than relaxation time, t relax ∼ 60 Myr, of these haloes.
(v) Although not expected from excursion set theory, we find that haloes with high spin are more strongly clustered, where clustering is quantified by the two-point correlation function of the positions of different dark matter halos. This could mean that haloes born in clustered environments experience stronger tidal torques during their formation.
In this study, we have investigated broad aspects of dark matter haloes at high-redshift and found many similarities with their low-redshift counterparts. Our findings could have important implications for the baryonic component of dark matter haloes found at high-redshift. Our results on the correlation between formation time and virial ratio/shape imply that the gas component inside each dark matter halo could evolve differently depending on accretion history and the actual dynamics of accretion.
Potential caveats of our work include starting redshift of our simulations and exclusion of surface terms in estimating the virial ratios. We will briefly discuss them in the following paragraphs. Reed et al. (2007) shows that an initial redshift of 139 should be safe for studying objects at z ≃ 7-15. Since suppression of high sigma density peaks that result from use of first order perturbation theory and low starting redshift is known to be stronger at high redshift (Crocce, Pueblas & Scoccimarro 2006) , it is possible that we are missing some of the dark matter haloes at the high mass end, especially when studying properties such as spin parameter of them at z ∼ 25. Due to this suppression effect, we could be under-estimating the two-point correlation function and formation time of dark matter haloes as well.
It is pointed out in recent literature (Ballesteros-Paredes 2006 , Davis, D'Aloisio & Natarajan 2011 ) that the surface terms in virial equations are in general not negligible. Once these terms are taken into account, dark matter haloes tends to have less excess kinetic energy. However, Davis, D'Aloisio & Natarajan (2011) show that even after correcting for the surface terms, dark matter haloes have virial ratios that are greater than one and that increase with increasing redshift. Therefore, although we would expect a systematic decrease in the absolute values of virial ratios once we include the surface terms, our main results regarding the dependence of the virial ratio on halo mass and formation redshift should be sound.
In a future study, it would be interesting to directly follow the star formation taking place in different dark matter mini-haloes by means of hydrodynamical simulations, and to clarify how the global dark matter properties investigated here are connected to the properties of the resulting Pop III stars.
As a validity check for the data analysis method we adopt, and to make a qualitative comparison between structure formation occurring at different scales, we performed a numerical experiment to follow the evolution of gravitational structures at larger scales with relatively small particle numbers. The basic simulation parameters of this comparison simulation and the main simulation are listed in Table A1 , where L box is the size of the simulation box, Npar is the number of dark matter particles included in the simulation, and z fin is the redshift at which we terminate each of the simulations. Since the size of the simulation box differs by two orders of magnitude in the two runs, the mass scales of the gravitational structures found in each of the two runs differ by ∼ 10 6 . In Fig. A2 , we show the formation time of dark matter haloes found in the 'Large' run, also identified by the method described in Section 2.1. These results are consistent with the formation times as derived from the Mille- Figure A3 . Distribution of the virial ratio in dark matter haloes of different mass at redshift z = 0. The virial ratio is defined such that it converges to unity at virial equilibrium. Crosses indicate the median value of the virial ratio, while the error bars indicate the 20th and 80th percentiles. The mass bins are spaced logarithmically, and symbols are only plotted for bins containing at least 10 dark matter haloes. Figure A1 . Median of sphericity s & triaxiality T in different mass bins for dark matter haloes at z = 0. The sphericity and triaxiality are defined by equations (10) and (11), respectively.
nium Simulation (Harker et al. 2006 ). Comparing Fig. A2 with Fig. 8 , a striking difference in the mass dependence of the formation time at the two different regimes is recognized: for dark matter structures present in the z = 0 simulations, the formation redshift decreases as a function of halo mass. In Fig. A3 , the virial ratios of these haloes is presented (consistent with earlier findings of Hetznecker & Burkert 2006) . Comparing with Fig. 5 , it is clear that dark matter structures identified at z = 0 are substantially closer to virial equilibrium compared to those at z = 15. In Fig. A1 , the median values of the sphericity parameter and triaxiality parameter are presented, which are consistent with results obtained from analyzing the Millenium Simulation (Bett et al. 2007) . Comparison with Fig. 9 shows that halos found in the larger simulation box at lower redshift are much more spherical, and less prolate.
Overall, our results show good agreement with results found in the literature on large-scale structure formation at z = 0. This confirms the validity of the analysis methods we adopted in this work.
APPENDIX B: INFLUENCE OF PARTICLE NUMBERS ON CALCULATING SPHERICITY PARAMETER.
In order to test our algorithm to calculate the shape of dark matter haloes, we performed a series of controlled experiments; namely, we generated spherical distributions of particles with ρ ∝ r −2 from 100 different seeds for a range of particle numbers. Then, we deformed the sphere in y/z direction with a ratio of b/a = 1, c/a = 2/3, or b/a = 1, c/a = 1/3, or b/a = 2/3, c/a = 1/3 and finally calculated halo shapes using the prescription described in Section 3.5. We also measured the axis ratios of ideal spheres before applying any deformation. In this section, we adopt b/a and s (=c/a) to describe the shape of the spheroid, rather than s and T (=(a 2 − b 2 )/(a 2 − c 2 )), as in other parts of this paper. This is because triaxiality cannot be defined properly for an ideal sphere.
In Table B1 , the average over 100 realizations is shown with an error bar that indicates the standard deviation obtained from 100 realizations for different types of spheroids investigated here. There is a general trend that with increasing number of particles the measured axial ratios become ever closer to the real underlying value, and the standard deviation decreases. It is shown here that in cases where the underlying values of c/a or b/a are unity, the real value and the estimated value do not match within standard deviations even with 2000 particles. Thus, our method tends to underestimate the axial ratios when they are close to unity. This tendency was already recognized earlier by Dubinski & Carlberg (1991) , who performed similar numerical experiments for their method to estimate halo shapes (their method is not exactly identical to the method we adopted in this work).
APPENDIX C: RESOLUTION STUDY OF THE NON-DIMENSIONAL SPIN PARAMETER
Since the non-dimensional spin parameter λ is known to depend severely on how well the dark matter structure is resolved, we performed a resolution study by running a lowerresolution version of our 'Small' run with 512 3 particles adopting the same cosmological parameters and the same random seed for initial conditions. By matching dark matter haloes at z = 15 in two different runs according to their positions, we compared the non-dimensional spin parameter. According to Fig. C1 , we find that haloes with > 1000 particles in the lower resolution run, have relatively good convergence. Therefore, for the high-resolution production run, we show the spin parameter of only haloes with >= 1000 particles, assuming that they have enough particles to capture the intrinsic angular momentum.
APPENDIX D: NON-DIMENSIONAL SPIN PARAMETER CALCULATED FOR FOF HALOES
In Fig. D1 , we present the non-dimensional spin parameter calculated for each FOF haloes as a function of mass. Table B1 . Convergence study of our method to calculate halo shapes described in Section 3.5 using several different types of spheroids. Average and standard deviation is calculated from 100 realizations in each case. Figure C1 . Non-dimensional spin parameter calculated from high-resolution (2048 3 ) simulation and lower-resolution (512 3 ) simulation. Black plus signs denote 'main' subhalo with <= 300 particles, green diamonds > 300, <= 1000 particles, blue triangles > 1000, <= 3000 particles, red crosses > 3000 particles in the lower resolution simulation.
Comparison with Fig. 3 shows that FOF gives a positive correlation between spin and halo mass, which is not present for substructures identified by SUBFIND.
APPENDIX E: DENSITY SLICE THROUGH THE WHOLE BOX.
In Fig. E1 and E2, we present the density projection onto the x-y and x-z planes from our 'Small' and 'Large' runs, respectively, in order to illustrate the differences in structure formation at different scales. Figure E1 . A density projection onto the x-y (x-z) plane through the center of the box with thickness one-fifth of the simulation box size for our 'Small' run at z = 15. Figure E2 . A density projection onto the x-y (x-z) plane through the center of box with thickness one-fifth of the simulation box size for our 'Large' run at z = 0.
